While the argument by Zamolodchikov and Polchinski suggests global conformal invariance implies Virasoro invariance in two-dimensional unitary conformal field theories with discrete dilatation spectrum, it is not the case in more general situations without these assumptions. We indeed show that almost all the globally conformal invariant differential equations in two dimensions are neither Virasoro invariant nor Weyl invariant. The only exceptions are the higher spin conservation laws, conformal Killing tensor equations and the Laplace equation of a conformal scalar.
Introduction
The Virasoro symmetry is the most powerful as well as ubiquitous symmetries in two dimensional field theories. It is powerful because it allows the classification of critical phenomena from the representation theory of the Virasoro algebra. It is ubiquitous because we can show that just the scale invariance together with the unitarity and discreteness of the dilatation spectrum implies Virasoro invariance in two-dimensional quantum field theories [1] [2] (see e.g. [3] for a review).
Outside of this sanctuary of unitary conformal field theories, however, situations may be more complicated. For example, one may ask if there are any globally conformal invariant field theories that are not Virasoro invariant. At first sight, one might wonder whether it is really possible to write down the condition for the global conformal invariance without the Virasoro invariance even before we talk about their existence. The answer is yes, but it is tricky. In order to realize such an exotic scenario, the trace of the energymomentum tensor T µν must be written as
where L µν is a symmetric tensor operator that contains a traceless part, which cannot be reduced to a scalar as L µν = δ µν L. Here unitarity actually ensures the non-existence of such L µν due to the unitarity bound, and it is the reason why we rarely see these examples, but again outside of the sanctuary of unitary field theories, one may encounter dragons.
In higher dimensions than two, condition (1) is sufficient for us to improve the energymomentum tensor so that it becomes traceless and the theory is manifestly conformal invariant. In two-dimensions, however, we cannot improve the energy-momentum tensor by a traceless symmetric tensor because the Ricci tensor satisfies R µν = 1 2 Rg µν as an identity, making it impossible to add the improvement term R µν L µν to the action.
Nevertheless, with condition (1), the theory is still globally conformal invariant. This impossibility of the improvement of the energy-momentum tensor in two-dimensions leads to the lack of the Virasoro invariance with non-zero L µν .
Are these dragons just imaginary creatures? Not necessarily. A theory of elasticity [4] [5] or a theory of cognition [6] [7] [8] are somewhat realistic and physically appealing examples of such [9] . These theories are effectively described by the fourth-order differential equation given by the second power of the Laplacian:
which is globally conformal invariant, but not Virasoro invariant in two-dimensions [9] .
One may even speculate that the "surprising" nature of the success of the Virasoro symmetry in two-dimensions may originate from the lack of the Virasoro symmetry in (the theory of) our cognition. Otherwise, it could have been more intuitive to the human cognition.
Here is a related mathematical question. We often identify the conformal invariance with the Weyl invariance. However, Paneitz pointed out [10] that the above fourth order differential equation cannot be uplifted to Weyl invariant equations in two-dimensions. 
Globally conformal but not Virasoro invariant differential equations
In this paper, we are interested in globally conformal differential equations in two-dimensions.
For definiteness, what we mean by the global conformal symmetry is the symmetry gen-
conventional Virasoro algebra. In this section, we are not considering the Weyl symmetry that acts on the metric. We therefore only study (quantum) field theories on flat two-dimensional space-time, and in our language, the (global) conformal symmetry does not change the metric.
In this section, we particularly focus on the globally conformal invariant differential equations constructed out of Verma module V of the global conformal algebra:
where |h,h is a (quasi-)primary state annihilated by L 1 as well as byL 1 . h andh denote eigenvalues of L 0 andL 0 . As we will see, the generic conformal invariant differential equations are not necessarily constructed out of a single Verma module in non-unitary theories or without the discreteness of the dilatation spectrum, but the constructions based on the Verma module is simple and the most transparent. Since the case with the Verma module becomes building blocks of more general situations, we first discuss the case with the Verma module thoroughly.
For our purpose of classifying the globally conformal invariant differential equations and the Virasoro invariant differential equations, the following observation becomes a key step. Let us consider the chiral action
where ∂ is a derivative with respect to z, which is identified with L −1 , and study the variation under the infinitesimal conformal transformation
where p and q are conformal weights of φ and χ to be determined. After the integration by part, the variation is given by
where the omitted terms contain higher derivatives on ǫ(z).
We see that when n = 0, if we take p + q = 1, the variation vanishes for arbitrary ǫ(z). When n = 1, if we take p = q = 0, the variation again vanishes for arbitrary ǫ(z).
For n ≥ 2, if we take
, one may cancel the variation of ∂ǫ(z) and ∂ 2 ǫ(z), but the full invariance requires ∂ 3 ǫ(z) = 0. In other words, for generic n ≥ 2, it is only invariant under the global conformal symmetry of ǫ(z) = l −1 + l 0 z + l 1 z 2 rather than the full Virasoro symmetry of arbitrary ǫ(z) as in the case of n = 0 and n = 1.
Given the above observation, we can easily list and classify the globally conformal differential equations that can be constructed out of the single Verma module. By generalizing the above effective action, we introduce z andz and we postulate the effective
Then we may obtain two equations of motion for φ and χ. From the above discussions with the assigned conformal weight, when n andn are both 0 or 1, these equations are For n = 1 andn = 1, we have the Laplace equation
with h =h = 0, which is Virasoro invariant. We claim these are the only Virasoro invariant differential equations that can be constructed out of a single Verma module.
All the other equations
are globally conformal invariant but not Virasoro invariant.
Alternatively one may look at the results in the following way. Suppose we have a (quasi-)primary operator Φ with the conformal weight (h,h). Then the global conformal invariance allows us to impose
if 1 −2h and 1 −2h are positive integers. One does not have to impose the three equations simultaneously, but if we impose two of them, then it corresponds to a doubly degenerate operator. Actually, either of the first two equations automatically imply the third one, so the truly doubly degenerate operators satisfy the first two equations simultaneously. The appearance of the doubly degenerate representation is related to the double poles in the conformal block.
In the rest of the section, we will study the connection between our results and the classification of the globally conformal null vectors in higher dimensions [17] [18] (see also [19] [20] for reviews). Before doing this, we have a couple of comments about the assumption of the single Verma module. First of all, it is obvious that by combining the above constructed differential operators we obtain more general differential equations (or operator relations) with global conformal symmetry (or Virasoro symmetry in special cases)
as long as n i + h i andn i +h i are the same in the sum.
Note that each term in (13) is a null vector of global conformal algebra, so in unitary conformal field theories with the discrete spectrum, we can conclude that the each term must vanish separately. The most typical situation of such is the spin one conserved current. In unitary conformal field theories with the discrete spectrum, the global current conservation
reduces to the chiral current conservation ∂J =∂J = 0, but without the assumption of unitarity and the discreteness of the spectrum, it might not be the case. The most familiar example that fails this chiral separation is the target space O(N) Euclidean Another situation is that the operator relation is given by the non-(quasi-)primary operators. For example, the Virasoro null vector equation
does not belong to the class we studied. In this case, [L −2 φ] does not transform as a quasi-primary operator, and our classification does not apply.
In [18] , the null vectors of the global conformal algebras in the symmetric traceless There are three types of null vectors in the symmetric traceless tensor representations of global conformal algebra. The first type (Type I) is given by acting derivatives on spin l symmetric tensors in such a way to maximize the resultant spin:
Here ∆ J = 1 − l − n A , and P s is the operation that makes the tensor symmetric and traceless. In our two-dimensional language, they correspond to
where in the former case h =
− l and in the latter case, h =
. Only with n A = 1, they are Virasoro invariant, and the equations correspond to the conformal Killing tensor equations. Otherwise they are merely globally conformal invariant. When n A > 1, we are tempted to call them partially conformal Killing tensor equations.
The second type (Type II) is given by partially conserved currents by acting derivatives on spin l symmetric tensors in such a way to minimize the resultant spin:
Here ∆ = l + 1 − n A with the bound n A ≤ l. In our two-dimensional language, they correspond to
+ l, and in the latter case, h =
Finally, let us consider Type III, which is given by the conformal powers of Laplacian acting on spin l symmetric traceless tensors (
for all l. On tensor operators, in addition to the powers of Laplacian
there are many distinct scalar n A -th order differential operators acting on them and we have to arrange them so that the operator is globally conformal invariant. The explicit form can be found e.g. in [18] , but it is not important here. We will see some examples below.
When n A ≥ 2l, the corresponding two-dimensional equations are
). When n A = 2 and l = 0, it is Virasoro invariant.
Otherwise, they are only globally conformal invariant. Finally, when n A ≤ 2l, the corresponding two-dimensional equations do not exist (while in higher dimensions they give rise to non-trivial conformal invariant equations).
This may sound surprising at first, so let us present some examples here: when n A = 2 l = 1, we have the second order differential equations acting on a vector field J µ as
In two-dimensions, it leads to∂
Note that the J value changes its sign by the differentiation but it is a scalar operator in the higher dimensional sense (because they are in the same representations of SO(d)).
On the other hand, when n A = 2, l = 2, the similar would-be conformal second order differential equations on the traceless tensor:
holds as an identity in two-dimensions due to the P s operation that makes the tensor symmetric and traceless. Thus, there is no corresponding non-trivial conformal invariant differential equation in two-dimensions.
In this way, most of the globally conformal differential equations we constructed can be originated from the conformal null vectors studied in [17] [18]. However, let us point out that
with n A > l did not appear in their approach because of the upper bound on the number of derivatives in type II. Thus, the null vectors constructed out of the symmetric traceless tensor in [17] [18] cannot explain all the globally conformal invariant equations in twodimensions. To avoid the confusion, however, let us simply point out that we may always construct such equations by using two-dimensional epsilon tensor. The approach taken in [17] [18] are applicable to general dimensions, so they did not use the dimension specific epsilon tensor.
This brings us back to the study of the poles in the conformal blocks that are related to the existence of null vectors. Consider the four-point (global) conformal blocks of scalar operators in two-dimensions. By using the (dressed) hypergeometric function
they are expressed [21] as
The most general case of external spins can be found in [22] . As we can see, the conformal blocks have poles when either 1 − 2h or 1 − 2h is a positive integer, and double poles when both are positive integers. This is in perfect agreement with our results.
However, there remains a small puzzle: what happened to the missing piece (24) in the approach taken in [17] [18]? Actually, in spite of this missing piece, we can verify that the structure of the poles presented in [17] [18] is correct in two-dimensions. This is because the location of the poles predicted by the missing piece is precisely the one that we naively expected but did not actually exist in type III, so eventually the missing piece in type II is taken care of by the naive over-counting in type III.
Weyl (non)-invariance
We now argue that the globally conformal invariant differential equations without Virasoro invariance cannot be uplifted to Weyl invariant equations in curved background. By
Weyl invariance, we mean the change of the metric g µν → Ω 2 (x)g µν and dynamical fields φ → Ω(x) −∆ φ with the so-called Weyl weight∆. The proof of Zumino's theorem goes as follows. Let us first notice that the conformal generators are solutions of the conformal Killing equations,
meaning that they are given by the diffeomorphism whose action can be compensated by the simultaneous Weyl transformation. Then if the theory is invariant under the diffeomorphism and the Weyl transformation, the combined action acts only on the dynamical fields rather than the metric. This implies that this combined action, which is nothing but the conformal transformation on the flat space-time, is a symmetry of the system. Let us take a look at some examples. Consider the Laplace equation
in flat space-time in general dimensions. On the general curved space-time, it can be uplifted to the so-called conformal Laplace equation
which is Weyl invariant, by assigning the Weyl weight∆ = . By using Zumino's theorem we know that the Laplace equation is conformal invariant in any dimensions. In particular, we know that the Laplace equation is Virasoro invariant in two-dimensions as we know a free massless boson has the Virasoro symmetry.
In contrast, let us consider the second power of Laplace equation (or dipole equation)
in flat space-time. We know that it is (globally) conformal invariant in any dimensions, but it is not Virasoro invariant in two-dimensions. The Weyl invariant counterpart of this equation in general dimensions was proposed by Paneitz [10] and it is given by
The Paneitz equation 2 does not make sense in two-dimensions, and we may conclude that the second power of the Laplace equation in two-dimensions cannot be made Weyl invariant in the Paneitz way, but is there really no other way? The argument based on Zumino's theorem above states that indeed there is no other way. Otherwise, the second power of the Laplace equation should be Virasoro invariant in flat two-dimensional spacetime, but it is not. Similarly, the higher conformal powers of Laplacian (known as GJMS operators [15] ) do not exist in two-dimensions, in agreement with our discussions.
On the other hand, our studies in the previous section show that there may exist
Weyl invariant first order differential equations in two-dimensions. These are the only equations that can be compatible with the Virasoro symmetry from Zumino's theorem if any. Indeed, let us consider the spin l conserved current in the curved background
where J is the traceless symmetric tensor with conformal weight ∆ = l. Vanishing of the Weyl variation under the Weyl transformation of g µν → Ω 2 g µν and
by using the crucial traceless condition on J µ 1 µ 2 ···µ l . Thus by choosing s = −2l in d = 2, the equation is Weyl invariant. The conformal weight is then given by the formula ∆ = −s − l = l. We therefore showed the existence of the Weyl invariant equations corresponding to the spin l conserved current.
There are dual equations associated with the higher spin conserved current given by
where with P s we symmetrize and subtract the trace in the entire indices. These are dual in the sense that it is obtained from the Weyl invariant effective action
by varying the symmetric traceless tensor J We have presented all the Weyl invariant differential equations that can be constructed out of single Verma module. Our discussions show that any other equations cannot be Weyl invariant, but it is instructive to see what goes wrong with them. Suppose we consider the (maximally) partially conserved current of the form
This equation is (globally) conformal invariant with the conformal weight ∆ = 1.
In general dimensions d, one may find the explicit form of the Weyl invariant uplift for the small l:
More generally, we conjecture
with the higher curvature terms to be determined. We see that these expression does not make sense in d = 2 and the Weyl invariant partially conserved current does not exist.
The explicit form up to l = 8 can be found in [27] , and it was shown that there does not exist any obstructions in d > 2 for general l.
The other examples we would like to mention is the conformal Laplace equations on spin l symmetric tensors. In general dimension d, the Weyl invariant Laplace-like equations was presented in [28] 0
which, however, does not exist in d = 2 dimensions, in agreement with our results. 3 The non-existence of the Weyl invariant equations for l = 1 case was also mentioned in [30] .
To be more precise, in two-dimensions, the last term of (R the first two terms in [28] . The author would like to thank H. Osborn for asking him about the potential issue of the limit here. 4 Branson constructed second powers of conformal Laplacian on k-forms except in d = 2, 4 [12] . The
Discussions
In recent years, there has been an interest in deriving bounds on conformal data in conformal field theories by using a method of numerical conformal bootstrap only based on the global conformal symmetry rather than the full Virasoro symmetry. It has been surprising to see how the global conformal invariance alone can spot some of the non-trivial fixed points in two-dimensional conformal field theories. In deriving these constraints, it is important to understand the pole structures in conformal blocks, which we give physical interpretations based on globally conformal invariant differential equations. We found that almost all the globally conformal invariant differential equations in two dimensions are neither Virasoro invariant nor Weyl invariant. The only exceptions are the higher spin conservation laws, conformal Killing tensor equations and the Laplace equation of a conformal scalar. This may imply some obstructions to set up (global) conformal bootstrap analysis in more non-trivial backgrounds.
One possible future direction is a study of the similar obstructions in higher dimensions. As far as the author is aware, the explicit construction of (all the) Weyl invariant differential equations in general curved background has not been completed yet. The naive expectation was that for each conformal invariant operators in flat space-time, there should exist a corresponding Weyl invariant operator, but as we have seen, there has been obstructions (see [16] [29] for mathematical studies in higher dimensions). In two-dimensions, the obstructions can be physically understood as the lack of Virasoro invariance from Zumino's theorem. Although there is no Virasoro symmetry in higher dimensions, it would be interesting if the physical argument can provide some hints toward the fundamental mathematical understanding of conformal invariant differential operators.
5
Another physical signification of the non-existence of Weyl invariant differential operators is the Weyl anomaly of the conformal anomaly. Suppose we have a scalar operator O with ∆ = 3 in two-dimensional conformal field theories. Let λ(x) be the corresponding impossibility of the k = 1, 2 cases in d = 2 is relevant for us. 5 Obviously, there are many related works in mathematics including [31] . The obstructions in powers of Laplacian is deeply connected with the Graham-Fefferman expansions of ambient metric and may be related to the AdS/CFT correspondence.
source. Then the conformal anomaly may contain the term
under the infinitesimal Weyl variation Ω(x) ∼ 1 + σ(x). However, there is no Weyl invariant uplift in the curved background (unlike in d = 4 dimensions), so the WessZumino consistency condition becomes much more complicated, which has been studied very recently in [32] . 6 The similar obstruction appears in the TJ deformations [34] [35] [36] , which gives
and again our discussions suggest the conformal anomaly does not have the Weyl invariant uplift in the curved background. This anomaly vanishes in the very special TJ deformations studied in [37] becauseJ is a "null" current there, but generically it is non-vanishing, which implies a non-trivial renormalization group structure in the curved background.
The twisted energy-momentum tensor is still conserved and traceless∂T ′ = 0 so that it generates the twisted Virasoro symmetry. Indeed L ′ n = L n + s(n + 1)J n satisfies the Virasoro algebra (with different central charge). Note that without changing the Hilbert space, the original representation of the Virasoro algebra (generically) does not show the unitary representation of the twisted Virasoro algebra, 7 but this will not be critical in the following.
Can we construct the Weyl invariant uplift with the twisted energy-momentum tensor?
It is not always the case. Let us take an example of free compact boson X with a radius r (i.e. X ∼ X + 2πr) with the U(1) current J = ∂X. In order to realize the twisted energy-momentum tensor
in the curved background, we need to add the curvature coupling
However, this curvature coupling does not respect the identification X → X + 2πr unless s is pure imaginary and quantized in the unit of 1/r. Note that when X is non-compact, the above difficulty does not arise because the twisting does not change the spin. The theory is known as linear dilaton theory and it has the Weyl invariant uplift. Another possibility is to restrict the spectrum so that the L ′ 0 −L ′ 0 is an integer: this case was covered by the Coulomb gas approach to minimal models.
